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Determination of classical and quantum values of bipartite Bell inequalities plays a central role in
quantum nonlocality. In this work, we characterize in a simple way bipartite Bell inequalities, free
of marginal terms, for which the quantum value can be achieved by considering a classical strategy,
for any number of measurement settings and outcomes. These findings naturally generalize known
results about nonlocal computation and quantum XOR games. Additionally, our technique allows
us to determine the classical value for a wide class of Bell inequalities, having quantum advantage
or not, in any bipartite scenario.
Introduction. In a seminal paper [1], John Bell proved
that quantum correlations cannot be explained from de-
terministic and local hidden variables (LHV) models [2].
Since then, an increasing interest in the field has triggered
a large developments of the theory, supported by ex-
perimental implementations and practical applications.
A feasible generation and certification of quantum non-
locality permits to design quantum technological appli-
cations having practical advantage with respect to its
classical counterpart. For instance, quantum nonlocal-
ity outperforms classical communication in certain dis-
tributed computing tasks [3], and enhances communi-
cation power in the context of information theory [4].
Quantum nonlocality has also led to the emergence of
device-independent protocols, which do not require to
rely on local measurement devices [5, 6]. Some concrete
practical applications are given by quantum key distribu-
tion [7–13], random number generation [14–17], quantum
cryptography [10–12], device independent quantum com-
munication [5, 6, 13], and testing quantumness of clouds
of quantum computers [18–20].
A fundamental open question in quantum non-locality
is the following: what is the full set of bipartite Bell
inequalities that exhibit a quantum advantage with re-
spect to LHV models? Some progress along this direction
was achieved in [21], that described information process-
ing tasks for which all quantum strategies do not work
any better than classical strategies. Additionally, some
classes
of Bell inequalities, for which no quantum advantage
exists, have been characterized through their connection
with non-local quantum xor games [22]. Despite a con-
siderable effort made during the last decades – see [23]
and references therein – the complete understanding of
the boundary existing between LHV theories and quan-
tum nonlocality remains open even in the simplest pos-
sible scenario composed of two parties, two settings and
two outcomes.
Another way to characterize quantum correlations con-
sists in characterizing Bell inequalities with no quantum
advantage over classical strategies. An important step
along this direction has been recently taken: for bipar-
tite xor games defining facets of the LHV polytope there
is always a quantum advantage [24]. The importance of
bipartite Bell inequalities having no quantum advantage
has been strengthened by the fact that they allow one
to calculate the zero error Shannon capacity of classical
communication channels [22].
In this letter, we establish a correspondence between
the excess of a matrix [25, 26], and the classical value of
a Bell inequality [23]. An exhaustive study of this con-
nection allows us to characterize bipartite Bell inequali-
ties – without marginal terms – that saturate the upper
bound of the classical value. As a further consequence,
we considerably extend the currently known set of Bell
inequalities for which the classical value is known, in ev-
ery bipartite scenario, having quantum advantage or not.
The letter is organized as follows. We first introduce
our main tool, i.e., the excess of a matrix, and its gener-
alization inspired by quantum nonlocality: the optimized
excess. We establish a one–to–one connection between
optimized excess of a matrix and the classical value of
the corresponding Bell inequality in every bipartite sce-
nario. We then derive the conditions required to saturate
the upper bound of the quantum value of a bipartite Bell
inequality having no marginal terms.
Excess of a matrix. The notion of excess of a matrix
was introduced by Schmidt in 1973 in the context of his
work on Hadamard matrices [25]. A square matrix H
of a finite order n with entries ±1 is called Hadamard,
if its columns are pairwise orthogonal. The difference
between the number of positive and negative entries of a
Hadamard matrix H is called its excess—usually denoted
2by Σ(H)—and is equal to the sum of all the entries of H :
Σ(H) =
n−1∑
j,k=0
Hjk. (1)
Schmidt asked about the maximal number of 1’s that
could be present in a Hadamard matrix of a given order
n [25]. This value, called maximal excess and denoted
σ(n), was then analyzed by Best [26], who found the
following bounds,
n22−n
(
n
n
2
)
≤ σ(n) ≤ n√n. (2)
There are nowadays infinitely many orders n for which
the value σ(n) is known exactly [26–31].
Maximal excess can be conveniently written as an ex-
pectation value. Before doing so, we need to introduce
the notion of equivalence between Hadamard matrices.
Two Hadamard matrices H1 and H2 of the same or-
der n are called equivalent if there exist diagonal ma-
trices DA and DB having ±1 entries in their main di-
agonals and permutation matrices PA and PB such that
H2 = PADAH1DBPB . It is thus interesting to study
the maximal possible value of excess of Hadamard ma-
trices within a given equivalence class [32]. This quantity,
called optimized excess of a given class represented by a
Hadamard matrix H of order n is given by
E(H) = max
DA,DB
PA,PB
Σ(PADAHDBPB) = max
DA,DB
Σ(DAHDB),
(3)
where the maximum is taken over all allowed diagonal
unitary matrices DA and DB as the permutation matri-
ces PA and PB do not change the excess. For the sake of
our further considerations, it is convenient to generalize
the notion of the optimized excess by (i) considering op-
timization over the set of diagonal matrices DA, DB ∈ Γ,
where Γ is a set of diagonal unitary matrices with uni-
modular complex entries, such that its main diagonal de-
fines an n-dimensional vector belonging to a conveniently
chosen set γmq (ii) extending the definition of excess to
any complex square matrixM having the following prop-
erty: for any two diagonal matrices DA, DB ∈ Γ, the
quantity Σ(DAMDB) is real. Hence, the extended no-
tion of the optimized Γ-excess reads,
EΓ(M) := max
DA,DB∈Γ
Σ(DAMDB). (4)
A natural generalization of excess (3) is obtained by
choosing the set Γ as the full set of diagonal unitary ma-
trices of order n with q-th roots of unity on the main
diagonal; let us denote this set by Γ = Ωnq . For instance,
when considering Hadamard matrices, i.e. M = H , the
notions σ(n) and EΩn
2
(H) coincide for orders n = 2, 4, 8
and 12, for which all Hadamard matrices are equivalent
[33–35]. For n = 16 there are 5 inequivalent classes, three
of them having optimized excess equal to 56, whereas the
two remaining saturate the upper bound E = 64 pro-
vided by (2), see [32]. However, we found that the choice
Γ = Ωnq , although it seems natural, is not suitable to
establish a link to bipartite Bell inequalities.
Optimized Γ-excess (4) can be rewritten as
EΓ(M) = n max
DA,DB∈Γ
〈φ|DAMDB|φ〉, (5)
where the balanced superposition state reads |φ〉 =
1√
n
∑n−1
j=0 |j〉. Explicit calculation of EΓ(M) for a given
matrixM of an arbitrary order n is a hard combinatorial
problem, as the number of combinations exponentially
grows with n. Let us proceed to presenting our first re-
sult, given by an upper bound for optimized Γ-excess.
Proofs of all results are provided in Appendix.
Result 1. Any matrix M of order n and set Γ satisfies
EΓ(M) ≤ nσmax(M), (6)
where σmax(M) denotes the largest singular value of M .
For the particular case of a real Hadamard matrix
M = H , upper bound (6) reduces to (2), with the equal-
ity attained if and only if H is a regular Hadamard ma-
trix, i.e. the sum of each row gives the same value [26].
Additionally, a wide class of square matrices having real
or complex entries and constant sum row saturates the
bound (6).
We recall that regular Hadamard matrices of order n
only exist when n is a square number. Therefore, the
upper bound (2) is not saturated e.g. for n = 2 and
Γ = Ωn2 , where H = {{1, 1}, {1,−1}}. The non-existence
of a regular Hadamard matrix of order n = 2 has a direct
connection with the fact that CHSH Bell inequality has
quantum advantage, as we will see later.
In the next section, we establish a one-to-one corre-
spondence between the notion of optimized Γ-excess of
a given matrix M and the problem to find the classical
value of bipartite Bell inequalities.
Bell inequalities. Suppose a bipartite scenario where
both observers, Alice and Bob, implement m measure-
ment settings per side having q outcomes each. From
an ensemble of identically prepared quantum states they
can estimate a joint probability distribution P (a, b|x, y),
where a, b ∈ [0, . . . , q − 1] denote outcomes for Alice and
Bob, respectively, conditioned to the measurement set-
tings x, y ∈ [0, . . . ,m− 1], respectively. It can be shown
that a single correlation of the form P (a, b|x, y) is not
enough evidence to ensure a conflict with LHV models
[36]. However, a linear combination of such quantum
probabilities attains values that cannot be reproduced
3by any LHV model [1]. Such expressions, known as Bell
inequalities [23], are defined as follows:
m−1∑
x,y=0
q−1∑
a,b=0
Sabxy P (a, b|x, y) ≤ C(S), (7)
where Sabxy is a real-valued function and C(S), so called
classical or LHV value, is defined as the maximal achiev-
able value of the left hand side in Eq. (7) in a LHV
theory. It assumes statistical independence between the
results of Alice and Bob, P (a, b|x, y) = P (a|x)P (b|y),
and determinism, P (a|x), P (b|y) ∈ {0, 1}, for every pair
of measurement settings x, y ∈ {0, ...,m − 1} and out-
comes a, b ∈ {0, ..., q − 1}. On the other hand, the
quantum value Q(S) is defined as the maximal possi-
ble value of the left hand side in (7), if optimization is
implemented over all joint probability distributions ad-
missible in quantum theory when observers implement
local measurements and do not communicate their re-
sults. Probabilities in quantum theory take the form,
P (a, b, |x, y) = Tr[(Πxa ⊗Πyb )ρAB], where {Πxa} and {Πyb}
define Positive-Operator Valued Measure (POVM), while
ρAB is a bipartite quantum state. The remarkable ob-
servation of Bell is that LHV correlations can be weaker
than quantum correlations under certain conditions, thus
being possible to have C(S) < Q(S). This important re-
sult, together with its experimental verification [37], con-
firmed the non-local behavior of Nature.
Inequality (7) can be equivalently represented with ex-
pectation values of correlators through the discrete dou-
ble Fourier transform [38]:
〈Asx ⊗Bty〉 =
q−1∑
a,b=0
ωas+btP (a, b|x, y), (8)
where ω = e2pii/q. Here, Asx denotes the s
th power of the
quantum observable Ax associated to Alice, analogously
for Bob. We assume that every observable having q out-
comes has q different qth roots of unity as eigenvalues.
From now on, every single upper index denotes matrix
power, whereas double upper indices ab, or st, in tensors
S and T , respectively, denote two independent indices.
Combining (7) with the inverse Fourier transform of (8)
we obtain
m−1∑
x,y=0
q−1∑
s,t=0
T stxy 〈Asx ⊗Bty〉 ≤ C(T ), (9)
where tensor T denotes the double discrete Fourier trans-
form of tensor S with respect to the outputs, i.e.
T stxy =
1
q
q−1∑
a,b=0
Sabxy ω
−(sa+tb). (10)
Note that Sabxy appearing in (7) is a real-valued function,
so its Fourier transform T stxy has to satisfy the symme-
try T q−s q−txy = (T
st
xy)
∗, where asterisk denotes complex
conjugate.
The classical value C(T ) of the Bell inequality (9) can
be equivalently obtained by solving the following opti-
mization problem [23]:
C(T ) = max
a0,...,am−1∈Ωq
b0,...,bm−1∈Ωq
m−1∑
x,y=0
q−1∑
s,t=0
T stxy (ax)
s(by)
t, (11)
where Ωq is the set containing q complex q
th roots of
unity.
Let us now restrict our attention to the special case
of Bell inequalities without marginal terms, i.e., those
satisfying T stxy = 0 whenever s = 0 or t = 0 in (11).
The remaining entries of T can be rearranged in a square
matrix M of order n := m(q− 1), see Appendix A for an
explicit construction of matrix M . Let us introduce the
following set of n-dimensional complex vectors:
γmq =
{(
(a0)
1, . . . , (a0)
q−1, (a1)1, . . . , (a1)q−1, . . . , (am−1)1, . . . , (am−1)q−1
) | a0, a1, . . . , am−1 ∈ Ωq}. (12)
Also, let us denote by Γmq the set of diagonal unitary
matrices of order n having its main diagonal composed
by vectors from the set γmq . Thus, the classical value (11),
for inequalities without marginal terms, can be rewritten
in the following compact form:
C(M) = max
DA,DB∈Γmq
Σ(DAMDB), (13)
To sum up, we arrive at the following statement.
Result 2. The classical value of a bipartite Bell inequal-
ity having m settings per side and q outcomes each, in-
duced by a matrix M of order n = m(q − 1), coincides
with its optimized Γmq -excess, EΓ(M).
Importance of Result 2 relies in the fact that maximal
values of excess have been exhaustively studied by math-
ematicians for matrices of infinitely many orders, includ-
ing a wide range of Hadamard matrices [26–31], weaving
Hadamard matrices [32], complex Hadamard matrices
[39], Hadamard tensors [40] and orthogonal designs [41].
These results considerably improve the amount of Bell in-
equalities for which its classical value is known [23]. This
is not a minor observation taking into account that com-
4putational complexity of calculating the classical value of
a bipartite Bell inequality is NP-hard [42]. Furthermore,
Result 2 allows us to characterize matrices M associated
to bipartite Bell inequalities without marginal terms that
saturate the upper bound of the classical value, thus hav-
ing no quantum advantage. This achievement, shown in
Result 3 later, holds for any number of measurement set-
tings m and outcomes q.
Let us illustrate Result 2 with the celebrated CHSH
inequality [43], associated with matrix M of order n =
m(q − 1) = 2:
〈A0 ⊗B0 +A0 ⊗B1 +A1 ⊗B0 −A1 ⊗B1〉 ≤ 2. (14)
Here, Ai and Bj are dichotomic quantum observables
represented by hermitian operators having ±1 eigenval-
ues. The matrix associated to inequality (14) is the
Hadamard matrix M = {{1, 1}, {1,−1}}, whose opti-
mized excess E(M) = 2 [26] coincides with the classical
value of the inequality [43].
Excess and LHV models. In this section, we character-
ize matrices M associated to bipartite Bell inequalities
having no marginal terms and exhibiting no quantum
advantage when the classical value saturates the upper
bound (6). First, let us highlight that the upper bound
of the classical value, equivalently optimized excess (4),
coincides with the maximal possible quantum value of
bipartite Bell inequalities:
Result [44, 45]. Let M be a square matrix of order n
associated with a bipartite Bell inequality. Therefore, the
quantum value satisfies Q ≤ nσ(M), regardless on the
number of outcomes q, where σ(M) denotes the largest
singular value of M .
Without loss of generality, the above Result was
adapted to square matrices of order n, as rect-
angular matrices can be squared by adding entire
rows/columns composed of zero entries. The ques-
tion to find constant row sum matrices saturating
the upper bound of excess (6) is answered by a
special class of matrices. For instance, the cir-
culant Hadamard matrix of order n = 4, M =
{{−1, 1, 1, 1}, {1,−1, 1, 1}, {1, 1,−1, 1}, {1, 1, 1,−1}} has
constant sum row and it implies the following Bell in-
equality having no quantum advantage:
〈−A1⊗B1 +A1⊗B2 +A1⊗B3 +A1⊗B4+
A2⊗B1 −A2⊗B2 +A2⊗B3 +A2⊗B4+
A3⊗B1 +A3⊗B2 −A3⊗B3 +A3⊗B4+
A4⊗B1 +A4⊗B2 +A4⊗B3 −A4⊗B4〉 ≤ 8. (15)
In general, any Bell inequality defined through a constant
row sum matrixM has no quantum advantage. Indeed, it
has straightforwardly associated a set of optimal classical
variables, where each of them takes the value 1. Addi-
tionally, some matrices not having constant row sum are
associated to Bell inequalities having no quantum ad-
vantage. A simple example of such cases is provided by
M = {{1, 1}, {−1,−1}}.
In the following Result 3, we characterize matrices as-
sociated to bipartite Bell inequalities such that the clas-
sical value, equivalently the optimized q-excess, reaches
the upper bound (6).
Result 3. A bipartite Bell inequality with m settings per
side and q outcomes, without marginal terms and associ-
ated with a normal matrix M , saturates the upper bound
of the classical value, C(M) = nσmax(M), if and only if
the leading eigenvalue of M has associated an eigenvector
belonging to the set γmq , defined in Eq.(12).
This result can be extended to any constant row sum
matrix M having no negative entries. Indeed, Perron-
Frobenius theorem guarantees that the eigenvector asso-
ciated to the leading eigenvalue of M is the balanced su-
perposition state |φ〉 ∈ γmq , defined after Eq.(5). Result 3
also generalizes some partial results known about quan-
tum games having no quantum advantage [21, 22, 46].
From a mathematical perspective, it generalizes the
known results about matrices saturating the upper bound
of excess [26].
Note that matrix M = {{1, 1}, {1,−1}} associated to
CHSH becomes a Bell inequality having no quantum ad-
vantage if any of its entries changes its sign, in agreement
with Result 3. For more complicated examples, consider
the three inequivalent regular Hadamard matrices of or-
der 16 [47], defining three inequivalent Bell inequalities in
the bipartite scenario composed of 16 measurement set-
ting per side having 2 outcomes each, where both classi-
cal and quantum values are equal to 64, in each of these
three cases.
As a final comment, let us mention an interesting ob-
servation about nonlocality of Werner states [48]. The
lowest possible value for the Best bound (2) is
√
n/2,
which is attainable when n = 2 only, as already noted
by Best [26]. Bounds (2) for the classical value, together
with Results [44, 45], imply that the maximal possible
ratio “quantum over classical” when considering a Bell
inequality induced by a Hadamard matrix M of order n
is Q/C = √2, which is only attained when n = 2. This
result immediately proves the following:
A Bell inequality induced by a Hadamard matrix of
order n > 2 cannot outperform the quantum over
classical ratio established by CHSH (n = 2).
In other words, the most efficient detection of non-
locality of Werner states occurs for the CHSH inequality,
among all bipartite Bell inequalities with n settings and
q = 2 outcomes generated by a Hadamard matrix of any
order n .
5Conclusions. We introduced a one-to-one relation be-
tween the mathematical notion of optimized excess of ma-
trices and the problem of computing the classical value
of bipartite Bell inequalities. This study allowed us to
extract valuable information about classical and quan-
tum correlations from simple analysis of the matrix defin-
ing the related Bell operator, which does not involve any
kind of optimization. As a first consequence, we provided
a simple way to calculate the classical value of a wide
and continuous class of bipartite Bell inequalities, for
any number of measurement settings and outcomes. Sec-
ondly, we characterized bipartite Bell inequalities hav-
ing no marginal terms for which a classical strategy can
achieve the quantum value, whenever the related matrix
is normal. These findings generalize some existing results
about nonlocal computation and XOR quantum games.
We believe the obtained results reveal an important clue
to unlock the long-standing open problem of determin-
ing whether a given bipartite Bell inequality has quantum
advantage or not, with respect to local hidden variable
models.
Acknowledgements. Authors kindly acknowledge valu-
able discussions with A. Ac´ın, R. Augusiak, A. Ca-
bello, J. Calsamiglia, D. Cavalcanti, J. De Vicente,
P. Horodecki, R. Ramanathan, G. Senno and A. Win-
ter. D.G. is supported by MINEDUC-UA project code
ANT 1855 and Grant FONDECYT Iniciacio´n num-
ber 11180474, Chile. W.B. and K.Z˙. are supported
by National Science Center under Grant No. DEC-
2015/18/A/ST2/00274 and by Foundation for Polish Sci-
ence under the project Team-Net NTQC. D.A. is sup-
ported by UK EPSRC Grant No. EP/M013472/1.
Appendix A: Matrix M related to tensor T
In this section we define matrix M associated with bi-
partite Bell inequalities (9) without local terms, i.e. con-
sidering that tensor T stxy has upper indices not simultane-
ously zero, as we can see in Eq.(9). Let us demonstrate
an explicit construction for the case of m = 3 settings
and q = 3 outcomes, which can be straightforwardly ex-
tended to any further scenario. A 9×9 square matrixM0
can be associated with any Bell inequality in the scenario
(2,3,3):
M0 =

T
00
00
T
01
00
T
02
00
T
00
01
T
01
01
T
02
01
T
00
02
T
01
02
T
02
02
T
10
00
T 1100 T
12
00 T
10
01
T 1101 T
12
01 T
10
02
T 1102 T
12
02
T
20
00
T 2100 T
22
00 T
20
01
T 2101 T
22
01 T
20
02
T 2102 T
22
02
T
00
10
T
01
10
T
02
10
T
00
11
T
01
11
T
02
11
T
00
12
T
01
12
T
02
12
T
10
10
T 1110 T
12
10 T
10
11
T 1111 T
12
11 T
10
12
T 1112 T
12
12
T
20
10
T 2110 T
22
10 T
20
11
T 2111 T
22
11 T
20
12
T 2112 T
22
12
T
00
20
T
01
20
T
02
20
T
00
21
T
01
21
T
02
21
T
00
22
T
01
22
T
02
22
T
10
20
T 1120 T
12
20 T
10
21
T 1121 T
12
21 T
10
22
T 1122 T
12
22
T
20
20
T 2120 T
22
20 T
20
21
T 2121 T
22
21 T
20
22
T 2122 T
22
22


(16)
Here, bold red entries (color online) correspond to lo-
cal terms in the Bell inequality, e.g. T a0xy 〈Ax ⊗ I〉. On
the other hand, without considering local terms the most
general case reduces to a 6× 6 matrix M , defined by the
non-bold entries of M0. That is,
M =


T 1100 T
12
00 T
11
01 T
12
01 T
11
02 T
12
02
T 2100 T
22
00 T
21
01 T
22
01 T
21
02 T
22
02
T 1110 T
12
10 T
11
11 T
12
11 T
11
12 T
12
12
T 2110 T
22
10 T
21
11 T
22
11 T
21
12 T
22
12
T 1120 T
12
20 T
11
21 T
12
21 T
11
22 T
12
22
T 2120 T
22
20 T
21
21 T
22
21 T
21
22 T
22
22


. (17)
Appendix B: Proofs of results
In this Section we provide the proofs of the results
presented in the main body of the text.
Result 1: Any matrix M of order n and set Γ satisfies
EΓ(M) ≤ nσmax(M), (18)
where σmax(M) denotes the largest singular value of M .
Proof. From considering Eq.(5) we have
EΓ(M) = n max
DA,DB
〈φ|DAMDB|φ〉
≤ n max
DA,DB
|DAφ| ‖M‖ |DBφ|
≤ n‖M‖ = nσmax(M),
where the operator norm, ‖M‖ =
√
λmax(MM †) =
σ(M), and λmax(X) denotes the largest eigenvalue of
matrix X .
6Result 2: The classical value of a bipartite Bell inequal-
ity having m settings per side and q outcomes each, in-
duced by a matrix M of order n = m(q − 1), coincides
with optimized Γnq -excess.
Proof. The fact that Eq.(11) can be written as Eq.(13)
proves the result.
Result 3: A bipartite Bell inequality with m settings per
side and q outcomes, without marginal terms and associ-
ated with a normal matrix M , saturates the upper bound
of the classical value, C(M) = nσmax(M), if and only if
the leading eigenvalue of M has associated an eigenvector
belonging to the set γmq , defined in Eq.(12).
Proof. Let us consider the following rearrangement of en-
tries of tensor T as a square matrix M of order n = mq
such that the entry of M at position (x′, y′) for x′, y′ ∈
[0, . . . ,mq−1] is given asMx′,y′ = T stxy, where x, y, s, t are
the (unique) nonnegative integers satisfying x′ = s+ qx,
y′ = t + qy with 0 ≤ s, t ≤ q. Matrix M obeys the
symmetry relation
Mα,β =M
∗
γ,δ, (19)
for every α, β, γ, δ such that α ≡ q−γ (mod q), β ≡ q−δ
(mod q). Thus, considering Eq.(11) and the connection
between matrix M and tensor T explained in Appendix
A, we have
C(M) = max
a0,...,an−1∈Ωq
b0,...,bn−1∈Ωq
n−1∑
x,y=0
Mxy (ax)
[x]q (by)
[y]q , (20)
where [·]q denotes mod q . Let us start solving a par-
ticular case, to be generalized later. Suppose that the
upper bound for the classical value C(M) = nσmax(M),
where σmax(M) is the largest singular value of M , is
achieved with the strategy ax = by = 1, for every
x, y = 0, . . . ,m − 1. In such case, if |φ〉 = 1√
n
∑n−1
j=0 |j〉
we have
〈φ|M |φ〉 = σmax(M) = ‖M‖, (21)
where ‖M‖ is the operator norm of M . There is a wide
range of matrices M for which Eq.(21) implies that |φ〉
is an eigenvector of M . In general, this is achieved when
the numerical range [49, 50] equals the convex hull of the
spectrum [51]. However, the general set of matrices M
achieving this condition has been classified up to order
n = 3 only [52]. In particular, the implication is always
satisfied when M is a normal matrix. Thus, M is a con-
stant row sum matrix.
On the other hand, if the maximal classical strategy
is not achieved by the strategy ax = by = 1, then there
exist diagonal unitary matrices DA and DB composed
of qth roots of unity in the main diagonal such that
M ′ = DAMDB defines an equivalent Bell inequality hav-
ing optimal classical strategy ax = by = 1, which implies
thatM ′ is a constant row sum matrix. In other wordsM
has an eigenvector, associated to the leading eigenvalue,
that belongs to the set γmq .
Note that Bell inequalities invariant under interchange
of particles and having real coefficients have associated a
normal (real symmetric) matrix M . See Appendix A for
an explicit example.
We remark that proof of Result 3 is independent of the
chosen arrangement of entries of tensor T in matrix M .
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